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ABSTRACT
For the closed superstring, spin fields and bi-spinor states are defined directly in four
spacetime dimensions, in van der Waerden notation (dotted and undotted indices). Explicit
operator product expansions are given, including those for the internal superconformal field
theory, which are consistent with locality and BRST invariance for the string vertices. The
most general BRST picture changing for these fields is computed. A covariant notation for
the spin decomposition of these states is developed in which non-vanishing polarizations
are selected automatically. The kinematics of the three-gluon dual model amplitude in
both the Neveu-Schwarz and Ramond sectors in the Lorentz gauges is calculated and
contrasted. Modular invariance and enhanced gauge symmetry of four-dimensional models
incorporating these states is described.
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1. Introduction
Conformal spin fields corresponding to physical states in the Ramond sector of the
superstring are analyzed directly in four spacetime dimensions. BRST properties of spin
fields and superconformal fields, associated with states in the Neveu-Schwarz sector, are
compared. In sect. 2, we describe the conditions on the worldsheet supercurrent imposed
by BRST invariance of the vertex operators and physical states. In sect. 3, we give a
convenient notation for massless spinor states. This is useful in discussing a covariant spin
decomposition of bi-spinor states and their relation to circularly polarized polarization
vectors. These are then used to describe the spin decomposition of the general graviton
tensor, and the vector-spinor states’ decomposition into gravitinos and massless spin-1
2
states. Examples of the bi-spinor states are mesons from the Ramond-Ramond sector of the
Type II superstring. In sect. 4, operator product expansions which maintain the locality
of the massless fermion emission vertices are set up for spacetime and internal spin fields.
For these conventional vertices, BRST picture changing, including the superconformal
ghost number picture −32 , is computed; and its dependence on the choice of supercurrent
demonstrated. Tree amplitudes are calculated, and amplitudes involving Ramond states
have the property that non-vanishing polarizations are selected automatically. In sect.5,
the kinematics of three-point amplitudes of massless particles are analyzed, leading to the
identification of couplings for Neveu-Schwarz and Ramond mesons. In sect. 6, we present a
set of tree amplitudes involving massless gauge bosons coming from the Ramond-Ramond
sector, which exhibit a non-abelian structure. We suggest a possible mechanism involving
a non-hermitian piece of the internal worldsheet supercurrent to include these states in
a superstring model satisfying perturbative spacetime unitarity. In sect. 7 we discuss a
modular invariant partition function. Conclusions are contained in sect. 8. There are
two appendices concerned with the two-dimensional sigma matrices used in the Weyl/van
der Waerden description of the spacetime gamma matrices and with the construction of
higher-dimensional gamma matices in the Weyl representation.
2. Ramond states
We consider the vertex operator directly in four dimensions
V− 3
2
(k, z) = vα˙(k)Sα˙(z)e
ik·X(z)S(z)e− 32φ(z) . (2.1)
A suitable choice of supercurrent is given by:
F (z) = aµ(z)h
µ(z) + F¯ (z) (2.2)
where 0 ≤ µ ≤ 3 and F¯ (z) corresponds to internal degrees of freedom. The vertex operator
for the Ramond states in the canonical q = −12 superconformal ghost picture is given by
picture changing[1,2] for k· 1√
2
γv ∼ u where k· 1√
2
γu = 0 by
V− 1
2
(k, ζ) = lim
z→ζ
eφ(z)F (z)V− 3
2
(k, ζ)
= [uα(k)Sα(ζ)e
ik·X(ζ)S(ζ)
+ lim
z→ζ
(z − ζ) 32 F¯ (z)vα˙(k)Sα˙(ζ)eik·X(ζ)S(ζ)]e− 12φ(ζ) . (2.3)
2
BRST invariance of a vertex operator requires its commutator with the BRST charge
Q to be a total divergence; for a vertex operator in the q = −3
2
superconformal ghost
picture such as (2.1), this invariance is assured whenever its operator product with the
supercurrent has at most a (z − ζ)− 32 singularity. We see this as follows:
The ghost superfields[1−3] are B(z) = β(z) + θb(z) and C(z) = c(z) + θγ(z) with
conformal spin hβ =
3
2 , hc = −1. Then hb = 2 and hγ = −12 . The modings on the
Ramond sector and the commutation relations are {bn, cm} = δn,−m, [βn, γm] = δn,−m, for
n,m ∈ Z. Normal ordering is defined by putting the annihilation operators bn for n ≥ −1,
cn for n ≥ 2 to the right of the creation operators bn for n ≤ −2, cn for n ≤ 1; then
b(z)c(ζ) = ××b(z)c(ζ)
×
× +
1
z − ζ ; c(z)b(ζ) =
×
×c(z)b(ζ)
×
× +
1
z − ζ . (2.4)
This is a natural definition for normal ordering as the “vacuum” expectation value of this
normal ordered product including its finite part is zero. For the superconformal ghosts,
normal ordering is defined analogously so that
β(z)γ(ζ) = ××β(z)γ(ζ)
×
× −
1
z − ζ ; γ(z)β(ζ) =
×
×γ(z)β(ζ)
×
× +
1
z − ζ . (2.5)
In order to make contact with the field φ(z) appearing in (2.1), we can then “bosonize”
this system, i.e. write it as a theory where operators are associated with vectors q in the
weight lattice of some algebra. For the bosonic β, γ conformal field theory, we define the
boson fields
φ(z)φ(ζ) =: φ(z)φ(ζ) : −ln(z − ζ) (2.6)
so that
: eφ(z) :: eφ(ζ) : = : eφ(z) eφ(ζ) : (z − ζ)−1 . (2.7)
Because : eφ(z) : is a fermion field and β(z),γ(z) are bosons, an additional bosonic field
χ(z) is introduced and
γ(z) =: eφ(z) :: e−χ(z) : ; J(z) = −××βγ ×× = ∂φ
β(z) =: e−φ(z) :: ∂eχ(z) : (2.8)
Here
χ(z)χ(ζ) =: χ(z)χ(ζ) : + ηµν ln(z − ζ) . (2.9)
Because the βγ spectrum is unbounded from below, it is useful to define an infinite number
of βγ ‘vacua’ |q〉βγ where βn|q〉 = 0 , n > −q − 32 , γn|q〉 = 0 , n ≥ q + 32 , where |q〉βγ =
eqφ(0)|0〉βγ and Lβγ0 |q〉 = −12q(q + 2)|q〉. The bosonic β,γ ghost system has two sectors:
one is Neveu-Schwarz where q ∈ Z, and the fields β(z), γ(z), and : eφ(z) : are periodic, i.e.
half-integrally moded; the other sector is Ramond, where q ∈ Z + 12 , and the fields β(z),
γ(z), and : eφ(z) : are anti-periodic, i.e. integrally moded. We note that the conformal
fields : eqφ(z) : for q odd have the same periodicity and statistics as the supercurrent. Their
3
conformal dimensions given by Lβγ0 |q〉 = −12q(q+2)|q〉 are 12 for q = −1; −32 for q = 1,−3;
and −15
2
for q = 3,−5; etc.
The superVirasoro ghost representation has central charge c = −15:
L(z) = −2××b∂c×× − ×× (∂b)c×× − 32 ××β∂γ ×× − 12 ×× (∂β)γ ×× (2.10a)
F (z) = bγ − 3β∂c− 2(∂β)c . (2.10b)
For the N = 1 worldsheet supersymmetry system, the BRST charge Q ≡ 1
2πi
∮
dzQ(z) is
given from the general form
Q(z) ∼ c(Lmatter + 1
2
Lghost)− γ 1
2
(Fmatter + 1
2
F ghost) (2.11a)
by the BRST current
Q(z) = Q0(z) +Q1(z) +Q2(z)
Q0(z) = cL
X,ψ − ××cb∂c×× + 32∂2c+ cLβγ + ∂( 34 ××γβ ×× )
Q1(z) = −γ 12FX,ψ
Q2(z) = −14γbγ . (2.11b)
Here the matter fields LX,ψ(z) and FX,ψ(z) close the superconformal algebra with c = 15;
and Lghost and F ghost denoted in (2.11a) are given in (2.10). From the operator product
expansion of the BRST current with itself it follows that
Q2 = 1
2
{Q,Q} = 0 . (2.12)
This signals the conservation of the BRST charge and allows us to make different gauge
choices. The commutator which vanishes to insure BRST invariance of the physical states
corresponding to (2.1) is
[Q , V− 3
2
(k, z)] = [Q0 , V− 3
2
(k, z)] + [Q1 , V− 3
2
(k, z)] + [Q2 , V− 3
2
(k, z)] . (2.13a)
By inspection, we find
[Q0 , V− 3
2
(k, z)] = d
dz
(c(z)V− 3
2
(k, z)) ; [Q2 , V− 3
2
(k, z)] = 0 (2.13b)
and
Q1(z)V− 3
2
(k, ζ) = −1
2
: e−χ(z) : eφ(z)F (z)V− 3
2
(k, ζ)
= −12 : e−χ(z) : (z − ζ)
3
2 e−
1
2
φ(z)F (z)vα˙(k)Sα˙(z)e
ik·X(z)S(z)
= regular terms (2.13c)
so that
[Q1, V 3
2
(k, z)] = 0 . (2.13d)
4
3. Notation for the product of two spinors
In a Weyl representation, the four-dimensional γ matrix Clifford algebra given by
{γµ, γν} = 2ηµν with ηµν = diag(−1, 1, 1, 1) can be represented as
(γµ)AB =
(
0 (σ¯µ)α
β˙
(σµ)α˙β 0
)
; CAB =
(
(iσ2)αβ 0
0 (iσ2)α˙β˙
)
(3.1)
where σµ = (σ0, σi) and σ¯µ = (−σ0, σi) are given by σ0 ≡
(
1 0
0 1
)
and the Pauli matrices
σi. We define γ5 = (iγ0γ1γ2γ3)AB =
(
(σ0)αβ 0
0 −(σ0)α˙
β˙
)
. The charge conjugation matri-
ces CAB and (C−1)AB are tensors used to raise and lower indices: C−1AD(γ
µ)DB ≡ (γµ)AB
and CBD(γµ)AD ≡ (γµ)AB . The transpose relation which defines CAB is C−1AB(γµ)BCCCD =
−(γµT ) DA and it implies the matrices (γµ)AB and (γµ)AB are symmetric. For expressions
involving the sigma matrices, see Appendix A.
Since we are in the Weyl representation, we can use van der Waerden notation[4,5] for
spinor indices 1 ≤ α, α˙ ≤ 2. The two linearly independent solutions to the massless Dirac
equation k·γuℓ(k) = 0 are now given by solutions of the Weyl equations
kµσ
µα˙
βu
1β = 0 kµσ¯
µα
β˙
u2β˙ = 0 (3.2a)
as
u1β(k) =
(
k0 + k3
k1 + ik2
)
(k0 + k3)−
1
2 ; u2β˙(k) =
(−k1 + ik2
k0 + k3
)
(k0 + k3)−
1
2 . (3.2b)
We define two additional spinors vℓ(k) by k·γvℓ ∼ uℓ i.e.
1√
2
kµσ¯
µα
β˙
v1β˙ = u1α 1√
2
kµσ
µα˙
βv
2β = −u2α˙ (3.3a)
as
v1β˙(k) =
(
k0 + k3
k1 + ik2
)
(2(k0)2(k0+k3))−
1
2 ; v2β(k) =
(−k1 + ik2
k0 + k3
)
(2(k0)2(k0+k3))−
1
2 .
(3.3b)
Note that formally v1β˙ = 1√
2k0
u1β and v2β = 1√
2k0
u2β˙ . In (3.2,3.3) we have kµk
µ = 0.
The spin decomposition of the Weyl bispinors into the two helicity states of the massless
vector is as follows:
u1αu1β = −ǫ+λ kκ(σ¯λσκσ2)αβ
u2δ˙u2γ˙ = ǫ−λ kκ(σ
λσ¯κσ2)δ˙γ˙ . (3.4)
5
We also find that
u1αv1β˙ = ǫ+λ (σ¯
λσ2)αβ˙
√
2 ; u2δ˙v2γ = ǫ−λ (σ
λσ2)δ˙γ
√
2
v1α˙u1β = ǫ+λ (σ
λσ2)α˙β
√
2 ; v2δu2γ˙ = ǫ−λ (σ¯
λσ2)δγ˙
√
2 (3.5)
where the expressions in (3.5) are defined only up to a gauge transformation ǫλ → ǫλ+kλ.
In the Lorentz gauges defined by k · ǫ±(k) = 0, we have that
iǫµνλρǫ±λ kρ = ±(ǫµ±kν − ǫν±kµ) (3.6)
holds generally for the circularly polarized polarization vectors[6]. The expressions (3.4,3,5)
satisfy (3.2a),(3.3a) with use of (3.6). We note that (3.4) describes only two polarizations
since we can show that
ǫ−λ kκ(σ¯
λσκσ2)αβ = 0 ; ǫ+λ kκ(σ
λσ¯κσ2)δ˙γ˙ = 0 . (3.7)
The proof of (3.7) is as follows:
Consider
σµǫ
−
λ kκ(σ¯
λσκσ2)αβ = (ǫ−µ kσ − ǫ−σ kµ + iǫ−λ kκǫλκµσ)(σσσ2)αβ = 0 (3.8)
which for µ = 0 is the left equation in (3.7).
The spin decomposition of the Weyl bispinors into the two spin zero states is
u1αu2β˙ = kκ(iσ¯
κσ2)αβ˙
u2δ˙u1γ = kκ(iσ
κσ2)δ˙γ . (3.9)
We also note here the spin decomposition of the spin-vector state ψAµ = ǫ
+
µ u
A sepa-
rated into its spin-32 and spin-
1
2 content. This is simple in van der Waerden notation and
eliminates the need for introducing[7,8] a noncovariant momentum vector k¯ where k · k¯ = 1.
We find the spin-32 part to be given by
ψ+αµ = ǫ
+
µ u
1α helicity = 32 ; ψ
−β˙
µ = ǫ
−
µ u
2β˙ helicity = −32 (3.10)
since the spin-vectors in (3.10) satisfy the on-shell k2 = 0 Rarita-Schwinger equation
k · ψ± = 0 ; k · γψ±µ = 0 ; γ · ψ = 0 . (3.11)
For example, for the spin-32 helicity,
γ · ψ± = σµα˙αǫ+µ u1α = 0 . (3.12)
6
To prove (3.12), consider
σµα˙αǫ
+
µ u
1αv1β˙ = ǫ+µ σ
µα˙
αǫ
+
λ (σ¯
λσ2)α˙β˙
√
2
=
√
2ǫ+ · ǫ+σ2 = 0 . (3.13)
The spin-12 part is
χ+β˙µ = ǫ
+
µ u
2β˙ helicity = 1
2
; χ−αµ = ǫ
−
µ u
1α helicity = −1
2
(3.14)
since for the spin vectors in (3.14) we have
k · χ = 0 ; k · γχµ = 0 ; γ · χ 6= 0 . (3.15)
The connection between the Lorentz covariant notation developed here and the k, k¯
notation used in [7,8] is seen explicitly in (3.16a,b). As an example, consider the helicity
equal to +1
2
part, χ+β˙µ = ǫ
+
µ u
2β˙ . Then
χ+β˙µ = ǫ
+
µ u
2β˙ (3.16a)
= − i2(σµ − kµk¯·σ)β˙βu1β (3.16b)
so that
γ·χ+ = ǫ+µ σ¯µαβ˙u
2β˙ = −iu1α
= − i
2
(σ¯µ(σµ − kµk¯·σ))β˙βu1β . (3.17)
The general graviton tensor ǫµν in this notation is given by:
hµν =
1
2
(ǫµν + ǫνµ)− 1d−2 ǫρρ(ηµν − kµk¯ν − k¯µkν) = ǫ+µ ǫ+ν or ǫ−µ ǫ−ν
Bµν =
1
2
(ǫµν − ǫνµ) = 12(ǫ+µ ǫ−ν − ǫ−µ ǫ+ν )
Dµν =
1√
d− 2(ηµν − kµk¯ν − k¯µkν) =
2√
d− 2(ǫ
+
µ ǫ
−
ν + ǫ
−
µ ǫ
+
ν ) . (3.18)
Here ǫµν(k) is polarization tensor which satisfies k
µǫµν(k) = k
νǫµν(k) = 0, and represents
either a (symmetric traceless) graviton hµν , an anti-symmetric tensor Bµν which is a
pseudo-scalar in four dimensions, or a (transverse diagonal) scalar dilaton D. We remark
that the right-hand terms in (3.18) provide a covariant spin decomposition of the spin-2
tensor since they are independent of k¯. They follow from the Lorentz gauge condition
kµǫ±µ = 0 and the normalization conditions ǫ
+
µ ǫ
µ+ = ǫ−µ ǫ
µ− = 0, ǫ+µ ǫ
µ− = 1.
7
4. BRST invariance and picture changing
In four spacetime dimensions, the vertex operators associated with massless Ramond
states can be described by
V
(1)
− 3
2
(k, z) = v1α˙(k)Sα˙(z)e
ik·X(z)f ℓΣℓ(z) e−
3
2
φ(z)
V
(2)
− 3
2
(k, z) = v2α(k)Sα(z)e
ik·X(z)f ℓ˙Σℓ˙(z) e
− 3
2
φ(z) (4.1)
where v1α˙, v2α are given in (3.3b). In order to maintain locality for the string vertices, we
choose the following operator product expansions:
Sα(z)Sβ(ζ) = (z − ζ)− 12C−1αβ + . . .
Sα(z)Sβ˙(ζ) = (z − ζ)0γµαβ˙
1√
2
ψµ(ζ) + . . .
Sα˙(z)Sβ(ζ) = (z − ζ)0γµα˙β 1√2ψµ(ζ) + . . .
Sα˙(z)Sβ˙(ζ) = (z − ζ)−
1
2C−1
α˙β˙
+ . . . (4.2a)
Σℓ(z)Σn˙(ζ) = (z − ζ)− 34C−1ℓn˙ + . . .
Σℓ˙(z)Σn(ζ) = (z − ζ)−
3
4C−1
ℓ˙n
+ . . .
Σℓ(z)Σn(ζ) = (z − ζ)− 14Γaℓn 1√2ψa(ζ) + . . .
Σℓ˙(z)Σn˙(ζ) = (z − ζ)−
1
4Γa
ℓ˙n˙
1√
2
ψa(ζ) + . . . (4.2b)
where the subleading terms are less singular by integer powers of (z−ζ), and the field ψa(z)
is understood to represent γ˜5⊗ψa(z), in order to maintain anticommutativity of ψa(z) and
ψµ(z). The operator relations above are not single-valued, but when taken in appropriate
combinations with each other and the ghost fields, the resulting string vertices are local (in
the sense of meromorphic operator product expansions), at least at zero momentum; and
the momentum-dependent fields are local when the complete closed string holomorphic
and antiholomorphic expressions are considered.
In (4.2b), we have chosen a free fermion form for part of the internal conformal field
theory with c = 3. Here 1 ≤ a ≤ 6 and we use a Weyl representation for the internal
gamma matrices given for 1 ≤ a ≤ 3 , 1 ≤ ℓ, ℓ˙ ≤ 4 by
Γa =
(
0 (αa)ℓm˙
−(αa)ℓ˙m 0
)
; Γa+3 = i
(
0 (βa)ℓm˙
(βa)ℓ˙m 0
)
; C =
(
0 (I4)
ℓm˙
(I4)
ℓ˙m 0
)
.
(4.3)
Also γ˜5 ≡ γ5 (−1)
∑
n>0
ψ
µ
−nψ
µ
n and Γ˜7 ≡ (iΓ1Γ2Γ3Γ4Γ5Γ6)(−1)
∑
n>0
ψa−nψ
a
n where
iΓ1Γ2Γ3Γ4Γ5Γ6 =
(
(I4)
ℓ
m 0
0 −(I4)ℓ˙m˙
)
. The matrices αa, βa are real antisymmetric. See
8
Appendix B. In the Weyl representation, the charge conjugation and gamma matrices have
the following properties: for four dimensions,
Cαβ = −Cβα , γµαβ˙ = γ
µ
β˙α
, etc. (4.4a)
for six dimensions,
Cℓn˙ = Cn˙ℓ , Γ
a
ℓn = −Γanℓ , etc. (4.4b)
for ten dimensions,
CAB˙ = −CB˙A , ΓMAB = ΓMBA , etc. (4.4c)
For a general internal field theory, the expression Γaℓn
1√
2
ψa(z) in (4.2b) is replaced by
ψℓn(z), which has conformal weight
1
2 and is antisymmetric in ℓ, n. To check the locality
of the vertex operators in (4.1) at zero momentum, we use (4.2,4) to show
V
(1)
− 3
2
(z)V
(1)
− 3
2
(ζ) = (z − ζ)−3v1α˙(k1)v1β˙(k2)C−1α˙β˙ f
ℓfnΓaℓn
1√
2
ψa(ζ)e
−3φ(ζ) + . . .
∼= −V (1)− 3
2
(ζ)V
(1)
− 3
2
(z) (4.5a)
where in (4.5a) the operator product V
(1)
− 3
2
(z)V
(1)
− 3
2
(ζ) is defined for |z| > |ζ|, the prod-
uct V
(1)
− 3
2
(ζ)V
(1)
− 3
2
(z) is defined for |ζ| > |z| and ∼= denotes equal in the sense of analytic
continuation[1,9]. Similary, we find local fermionic fields
V
(i)
− 3
2
(z)V
(j)
− 3
2
(ζ) ∼= −V (j)− 3
2
(ζ)V
(i)
− 3
2
(ζ) (4.5b)
for all 1 ≤ i, j ≤ 2, using (4.1,4.2).
From (2.3), we see that by selecting a particular supercurrent, we can define q = −12
ghost picture fermion vertex operators. From (2.13c), we know that any supercurrent
whose operator product with a fermion vertex operator has at most a (z−ζ)− 32 singularity
will ensure BRST invariance for the vertex operator. In this section, we choose a super-
current (2.2) such that the internal F¯ (z) has at most a (z − ζ)− 12 singularity with (4.1).
Then from (3.3a),
V
(1)
− 1
2
(k, ζ) = lim
z→ζ
eφ(z)F (z)V
(1)
− 3
2
(k, ζ)
= u1α(k)Sα(ζ)e
ik·X(ζ)f ℓΣℓ(ζ)e−
1
2
φ(ζ) . (4.6a)
V
(2)
− 1
2
(k, ζ) = lim
z→ζ
eφ(z)F (z)V
(2)
− 3
2
(k, ζ)
= −u2α˙(k)Sα˙(ζ)eik·X(ζ)f ℓ˙Σℓ˙(ζ)e−
1
2
φ(ζ) . (4.6b)
9
BRST invariance of the vertex operators in the q = −12 picture (4.6) is assured from BRST
invariance of the picture changed q = −3
2
operators and from (2.12), or can be checked
directly. Locality holds from (4.2) for these operators as well:
V
(1)
− 1
2
(z)V
(1)
− 1
2
(ζ) = (z − ζ)−1u1α(k1)u1β(k2)C−1αβ f ℓfnΓaℓn 1√2ψa(ζ)e−φ(ζ) + . . .
∼= −V (1)− 1
2
(ζ)V
(1)
− 1
2
(z) (4.7a)
where we note that unlike the Neveu-Schwarz case, the statisitics of the fields associ-
ated with Ramond states does not change from one picture to another. In general,
V
(i)
− 1
2
(z)V
(j)
− 1
2
(ζ) ∼= −V (j)− 1
2
(ζ)V
(i)
− 1
2
(ζ). Also, locality holds between fields in different pic-
tures:
V
(1)
− 1
2
(z)V
(1)
− 3
2
(ζ) = (z − ζ)−1u1α(k1)v1β˙(k2)γµαβ˙ψµ(ζ)f
ℓfnΓaℓnψa(ζ)
1
2
e−φ(ζ) + . . .
∼= −V (1)− 1
2
(ζ)V
(1)
− 1
2
(z) (4.7b)
To establish (4.7b), we note as previously mentioned below (4.2) that the field ψa(z) is
understood to represent γ˜5 ⊗ ψa(z), and we use γ5u1 ∼ u1, γ5v1 ∼ −v1, etc. In general,
V
(i)
− 1
2
(z)V
(j)
− 3
2
(ζ) ∼= −V (j)− 3
2
(ζ)V
(i)
− 1
2
(ζ).
The vertex operators for the massless Neveu-Schwarz states in the canonical q = −1
superconformal ghost picture are
V−1(k, z, ǫ) = ǫ · ψ(z)eik·X(z) e−φ(z) (4.8a)
V a−1(k, z) = γ˜
5 ⊗ ψa(z)eik·X(z) e−φ(z) (4.8b) .
States in the Neveu-Schwarz matter system (i.e. without ghosts) form[1] superconformal
fields V (z, θ) = Vq(z) + θVq+1(z) with upper and lower components related by
G(z)Vq(ζ) = (z − ζ)−1Vq+1(ζ)
G(z)Vq+1(ζ) = (z − ζ)−22hqVq(ζ) + (z − ζ)−1∂Vq(ζ) . (4.9)
BRST invariance holds for both the vertices (4.8) since
[Q0 , V−1(k, z)] = ddz [c(z)V−1(k, z)] ; [Q2 , V−1(k, z)] = 0 (4.10)
and
Q1(z)V−1(k, ζ) = −12 : e−χ(z) : eφ(z)G(z)V−1(k, ζ)
= −12 : e−χ(z) : (z − ζ)1G(z)V matter−1 (k, ζ)
= −12 : e−χ(z) : V matter0 (k, ζ)
= regular terms (4.11a)
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so that
[Q1, V−1k, z)] = 0 . (4.11b)
In the q = 0 superconformal ghost picture, (4.8) is
V0(k, z, ǫ) = lim
z→ζ
eφ(z)G(z)V−1(k, ζǫ)
= [k · ψ(ζ)ǫ · ψ(ζ) + ǫ · a(ζ)]eik·X(ζ) (4.12a)
V a0 (k, z) = lim
z→ζ
eφ(z)G(z)V a−1(k, ζ)
= [k · ψ(ζ)γ˜5 ⊗ ψa(ζ) + (lim
z→ζ
(z − ζ)F¯ (z)γ˜5 ⊗ ψa(ζ) ) ] eik·X(ζ) . (4.12b)
The tree correlation functions of BRST invariant vertex operators are independent of
the distribution of ghost charges given that
∑
i qi = −2. As an example we consider
the coupling of the general graviton tensor with two massless vector mesons. For Neveu-
Schwarz mesons we have
〈0|V a−1(k1, z1)V0(k2, z2, ǫ2)V b−1(k3, z3)c(z1)c(z2)c(z3)|0〉
·〈0|V−1(k1, z¯1, ǫ1)V0(k2, z¯2, ǫ2)V−1(k3, z¯3, ǫ3)c(z¯1)c(z¯2)c(z¯3)|0〉
= δabǫµν2 k3µ[k3νǫ1·ǫ3 + ǫ3νǫ1·k2 + ǫ1νǫ3·k1] (4.13)
where conformal ghost contributions[1] are included, such as
〈0|c(z1)c(z2)c(z3)|0〉 = (z1 − z2)(z2 − z3)(z1 − z3) . (4.14)
For Ramond-Ramond mesons we have
〈0|V (2)− 1
2
(k1, z1)V−1(k2, z2, ǫ2)V
(1)
− 1
2
(k3, z3)c(z1)c(z2)c(z3)|0〉
·〈0|V (2)− 1
2
(k1, z¯1)V−1(k2, z¯2, ǫ2)V
(1)
− 1
2
(k3, z¯3)c(z¯1)c(z¯2)c(z¯3)|0〉
= u2δ˙(k1)u
2γ˙(k1)ǫ2µ(−iσ2σµ)γ˙αu1α(k3)u1β(k3)ǫ2ν (−iσ2σ¯ν)βδ˙ 12f k˙f n˙C−1n˙ℓ f ℓfmC−1mk˙
= 1
8
δIJ ǫ−1ρk1σǫ2µνǫ
+
3λk3κ tr (σ
ρσ¯σσµσ¯λσκσ¯ν )
= −δIJ ǫµν2 k3µ[k3νǫ−1 ·ǫ+3 + ǫ+3νǫ−1 ·k2 + ǫ−1νǫ+3 ·k1] (4.15)
which up to a sign is the same as (4.13) for these polarizations. To evaluate (4.15), we have
used a trace formula in Appendix A and various on-shell identities from sect. 5. In (4.15)
only ǫµν = hµν survives. We normalize the vertex operators by expanding f
ℓ
Lf
m
R =
1
4
MJℓm
where 1 ≤ J ≤ 16 and MJℓm are a complete set of sixteen linearly independent real four by
four matrices MJ = {αa, βa, αaβb, I4} and 1(MJ)2 = ±I4, trMJ = 0, trM I†MJ = 4δIJ .
See Appendix B. In general, the evaluation of amplitudes in the BRST formalism is carried
out by the calculation of standard correlation functions, whose singularity structure is set
from the operator product expansions[10,11]. For example, from (4.2) we find
〈0|Sγ˙(z1)ψµ(z2)Sα(z3)|0〉 = γµγ˙α 1√2 (z1 − z2)−
1
2 (z2 − z3)− 12
〈0|Σn˙(z1)Σℓ(z3)|0〉 = (z1 − z3)− 34C−1n˙ℓ . (4.16)
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5. Kinematics of the three-point amplitude
In order to identify on-shell dual model amplitudes with conventional with conven-
tional field theory couplings, we routinely use k2i for massless particles, which together
with momentum conservation in the three-point amplitudes, kµ1 + k
µ
2 + k
µ
3 = 0, implies
ki·kj = 0 . (5.1)
In general, the dual model picks up a particular gauge[7,8] to describe the graviton or gauge
boson. For gravitons, the harmonic condition satisfied in any gauge
kµǫµν =
1
2
kνǫ
µ
µ (5.2)
arises in the dual amplitude in the harmonic gauge:
ǫµµ = 0 (5.3a)
so that
kµǫµν = 0 . (5.3b)
Similarly, for gauge bosons, the string amplitudes pick up the Lorentz gauges described by
(3.6), so that we use also
kµǫ±µ = 0 . (5.4)
In fact, further identities occur that are particularly useful in identifying amplitudes in-
volving states in the Ramond-Ramond sector as standard field theory couplings[6]. For the
kinematics of the three-gluon amplitude we have
ǫ+1 ·ǫ+2 ǫ+3 ·k1 + ǫ+2 ·ǫ+3 ǫ+1 ·k2 + ǫ+3 ·ǫ+1 ǫ+2 ·k3 = 0 (5.5a)
ǫ−1 ·ǫ−2 ǫ−3 ·k1 + ǫ−2 ·ǫ−3 ǫ−1 ·k2 + ǫ−3 ·ǫ−1 ǫ−2 ·k3 = 0 (5.5b)
when all the polarizations are the same, even for complex momenta. (For real momenta,
the three-gluon amplitude vanishes for any choice of polarizations[6,12], so one should be
careful not to require real momenta, which is no problem due to analyticity.) For two
polarizations of one helicity, and the third polarization with opposite helicity, then
ǫ+1 ·ǫ+3 ǫ−2 ·k2 = 0 (5.5c)
and
ǫ−2 ·k1ǫ+1 ·k2 = 0 (5.5d)
so that
ǫ+1 ·ǫ−2 ǫ+3 ·k1 + ǫ−2 ·ǫ+3 ǫ+1 ·k2 + ǫ+3 ·ǫ+1 ǫ−2 ·k3 = ǫ+1 ·ǫ−2 ǫ+3 ·k1 + ǫ−2 ·ǫ+3 ǫ+1 ·k2 (5.5e)
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with similar formulas for the other helicities. The proof of (5.5) is as follows: Consider
iǫρκµλǫ+1ρk2κǫ
±
2µǫ
+
3λ
=± (ǫ±2 ·ǫ+3 ǫ+1 ·k2 + ǫ+1 ·ǫ±2 ǫ+3 ·k1) (5.6a)
=− iǫρκµλǫ+1ρ(k1κ + k3κ) ǫ±2µǫ+3λ
=− (ǫ+3 ·ǫ+1 ǫ±2 ·k3 + ǫ+1 ·ǫ±2 ǫ+3 ·k1)− (ǫ±2 ·ǫ+3 ǫ+1 ·k2 + ǫ+3 ·ǫ+1 ǫ±2 ·k3) (5.6b)
where (5.6a,b) are derived using (3.6). Equating (5.6a) with (5.6b) we find (5.5a,c). Re-
placing ǫ3 with k3 in (5.6), we also find
ǫ−2 ·k3ǫ+1 ·k3 = 0 (5.7)
which is (5.6d) using (5.4). Equations (5.5) are invariant under gauge transformations
ǫµ → kµ using (5.1).
We note that amplitudes involving states in the Ramond sector are automatically
zero for certain combinations of polarizations. This is contrasted with Neveu-Schwarz
amplitudes which can be calculated initially independent of the choice of polarizations. A
subsequent closer look at the Lorentz gauge condition (3.6) then reduces the kinematics of
the Neveu-Schwarz amplitudes to those of the Ramond amplitudes for identical couplings.
(See however the remark below (5.14)). From (4.14), we have the coupling of the general
graviton tensor with two massless Neveu-Schwarz vector mesons.
〈0|V a−1(k1, z1)V0(k2, z2, ǫ2)V b−1(k3, z3)c(z1)c(z2)c(z3)|0〉
·〈0|V−1(k1, z¯1, ǫ1)V0(k2, z¯2, ǫ2)V−1(k3, z¯3, ǫ3)c(z¯1)c(z¯2)c(z¯3)|0〉
= δabǫµν2 k3µ[k3νǫ1·ǫ3 + ǫ3νǫ1·k2 + ǫ1νǫ3·k1] . (5.8)
For the polarizations ǫ+1 , ǫ
+
3 coupling to the graviton h2µν , the amplitude (5.8) vanishes,
as we would expect from angular momentum conservation in the coupling of two spin one
mesons (with momenta of opposite sign) with a spin two particle. The proof is as follows:
from (3.6) we find the identity
(−ǫ+ρ3 kσ3 + kρ3ǫ+σ3 )ηµν + (ǫ+ρ3 kν3 − kρ3ǫ+ν3 )ηµσ + (−ǫ+σ3 kν3 + kσ3 ǫ+ν3 )ηµρ
= i(ǫ+µ3 k3ω − kµ3 ǫ+3ω)ǫωρσν (5.9)
Multiplying (5.9) by ǫ+1ρk1σ we find
k
µ
1 ǫ
+ν
3 ǫ
+
1 ·k2 + kµ3 kν1 ǫ+1 ·ǫ+3 + kµ3 ǫν1ǫ3·k2
= −kν1 ǫ+µ3 ǫ+1 ·k2 − kν3kµ1 ǫ+1 ·ǫ+3 − kν3 ǫµ1 ǫ3·k2 − ηµνǫ+1 ·k3ǫ+3 ·k1 (5.10)
From (5.10) and (5.3b) we find
h
µν
2 k3µ[k3νǫ
+
1 ·ǫ+3 + ǫ+3νǫ+1 ·k2 + ǫ+1νǫ+3 ·k1] = 0 . (5.11)
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In the case of vector mesons from the Ramond-Ramond sector, the corresponding ampli-
tude vanishes identically. See (5.14).
For the polarizations ǫ+1 , ǫ
+
3 coupling to the dilaton, we use (3.18) and (5.5) to show
that the amplitude (5.8) is given by the non-zero expression
δabD
µν
2 k3µ[k3νǫ
+
1 ·ǫ+3 + ǫ+3νǫ+1 ·k2 + ǫ+1νǫ+3 ·k1]
= 1√
2
ǫ+1 ·k3ǫ+3 ·k1 (5.12a)
= 2√
2
ǫ+2µǫ
−
2νk3µ[ǫ
+
3νǫ
+
1 ·k2 + ǫ+1νǫ+3 ·k1] . (5.12b)
The equality of (5.12a,b) follows from
2ǫ+2 ·k3[ǫ−2 ·ǫ+3 ǫ+1 ·k2 + ǫ−2 ·ǫ+1 ǫ+3 ·k1]
=2ǫ+2 ·k3[ik2µǫ+1σǫ−2κǫ+3λǫµσκλ]
=2ǫ+2ρǫ
−
2κk2µǫ
+
1σǫ
+
3λk
ρ
3 iǫ
µσκλ
=2[ǫ+2ρǫ
−
2κk2µǫ
+
1σiǫ
ραβ
λ ǫ
+
3αk3βiǫ
µσκλ
+ ǫ+2ρǫ
−
2κk2µǫ
+
1σǫ
+ρ
3 k3λiǫ
µσκλ]
=2[ǫ+1 ·ǫ+2 ǫ+3 ·k2ǫ−2 ·k3 + ǫ+2 ·ǫ−2 ǫ+3 ·k1ǫ+1 ·k3 + ǫ+2 ·ǫ+3 ǫ+1 ·k2ǫ−2 ·k1]
=2 ǫ+2 ·ǫ−2 ǫ+3 ·k1ǫ+1 ·k3
= ǫ+3 ·k1ǫ+1 ·k3 . (5.12c)
Similarly, for the polarizations ǫ+1 , ǫ
+
3 coupling to the pseudoscalar described by the anti-
symmetric tensor, we have
δabB
µν
2 k3µ[k3νǫ
+
1 ·ǫ+3 + ǫ+3νǫ+1 ·k2 + ǫ+1νǫ+3 ·k1]
= 1
4
ǫ+1 ·k3ǫ+3 ·k1 (5.13a)
=1
2
ǫ+2µǫ
−
2νk3µ[ǫ
+
3νǫ
+
1 ·k2 + ǫ+1νǫ+3 ·k1] . (5.13b)
For Ramond-Ramond mesons, the amplitudes corresponding to (5.12,13) vanish:
〈0|V (1)− 1
2
(k1, z1)V−1(k2, z2, ǫ2)V
(1)
− 1
2
(k3, z3)c(z1)c(z2)c(z3)|0〉
·〈0|V (1)− 1
2
(k1, z¯1)V−1(k2, z¯2, ǫ2)V
(1)
− 1
2
(k3, z¯3)c(z¯1)c(z¯2)c(z¯3)|0〉
= u2δ(k1)u
2γ(k1)ǫ2µγ
µ
γαu
1α(k3)u
1β(k3)ǫ2ν(γ
ν)Tβδ
1
2
f k˙f n˙C−1n˙ℓ f
ℓfmC−1
mk˙
= 0 . (5.14)
since only γµγ˙α and γ
µ
γα˙ are non-zero. From (5.12,13,14) we see the Ramond mesons cou-
ple differently to the dilaton (and to the antisymmetric tensor) from the Neveu-Schwarz
mesons. Thus in the superstring model of Ref. [13], with D = 4, N = 8 supergravity that
has 28 abelian massless vector mesons, we find 12 of these couple to the dilaton as in (5.12)
and the other 16 have zero tree level coupling to the dilaton. This feature already appears
in D = 10, N = 2 supergravity[14], and is useful in recent non-perturbative treatments of
the superstring[24].
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Using the four-dimensional covariant notation developed in sect. 3, we also give the
tree amplitude for the general graviton tensor coupling to two fermions:
〈0|V (2)− 1
2
(k1, z1)V−1(k2, z2, ǫ2)V
(1)
− 1
2
(k3, z3)c(z1)c(z2)c(z3)|0〉
·〈0|V−1(k1, z¯1, ǫ1)V0(k2, z¯2, ǫ2)V−1(k3, z¯3, ǫ3)c(z¯1)c(z¯2)c(z¯3)|0〉
= u2γ˙(k1)ǫ2µ(−iσ2σµ)γ˙αu1α(k3)
·ǫ2ν [kν3 ǫ1·ǫ3 + ǫν3ǫ1·k2 + ǫν1ǫ3·k1] f n˙f ℓC−1n˙ℓ . (5.15)
(5.15) describes many processes. In the following the extended supersymmetry indices
n˙, ℓ are suppressed. Using the three-point on-shell kinematics from sect. 5, we find for
example, the one graviton – two gravitino string tree amplitudes:
ǫ+2µǫ
+
2νu
2γ˙(k1)ǫ2µ(−iσ2σµ)γ˙αu1α(k3)[kν3 ǫ−1 ·ǫ+3 + ǫ+ν3 ǫ−1 ·k2 + ǫ−ν1 ǫ+3 ·k1]
=h+2µνψ
−γ˙
ρ (k1)(−iσ2σµ)γ˙αψ+αλ (k3) [kν3ηρλ + kλ1 ηνρ] (5.16a)
and
ǫ−2µǫ
−
2νu
2γ˙(k1)ǫ2µ(−iσ2σµ)γ˙αu1α(k3)[kν3 ǫ−1 ·ǫ+3 + ǫ+ν3 ǫ−1 ·k2 + ǫ−ν1 ǫ+3 ·k1]
=h−2µνψ
−γ˙
ρ (k1)(−iσ2σµ)γ˙αψ+αλ (k3) [kν3ηρλ + kρ2ηλν ] . (5.16b)
Note in (5.16) that the specific non-zero helicity couplings appear automatically. Also from
(5.15), we find the one graviton – two spin one-half fermion amplitudes
u2γ˙(k1)ǫ
+
2µ(−iσ2σµ)γ˙αu1α(k3) ǫ+2ν [kν3 ǫ+1 ·ǫ−3 + ǫ−ν3 ǫ+1 ·k2 + ǫ+ν1 ǫ−3 ·k1]
= h+2µνχ
+γ˙
ρ (k1)(−iσ2σµ)γ˙αχ−αλ (k3) [kν3ηρλ + kρ2ηλν ] ; (5.17a)
u2γ˙(k1)ǫ
−
2µ(−iσ2σµ)γ˙αu1α(k3) ǫ−2ν [kν3 ǫ+1 ·ǫ−3 + ǫ−ν3 ǫ+1 ·k2 + ǫ+ν1 ǫ−3 ·k1]
= h−2µνχ
+γ˙
ρ (k1)(−iσ2σµ)γ˙αχ−αλ (k3) [kν3ηρλ + kλ1 ηνρ] . (5.17b)
For spinors with parallel polarizations, the amplitude corresponding to (5.15) vanishes as
in (5.14):
〈0|V (1)− 1
2
(k1, z1)V−1(k2, z2, ǫ2)V
(1)
− 1
2
(k3, z3)c(z1)c(z2)c(z3)|0〉
·〈0|V−1(k1, z¯1, ǫ1)V0(k2, z¯2, ǫ2)V−1(k3, z¯3, ǫ3)c(z¯1)c(z¯2)c(z¯3)|0〉
= 0 . (5.18)
(5.15,18) show for example the graviton makes no transition between spin 3
2
and spin 1
2
,
since from (5.15), u2γ˙(k1)ǫ
+
2µ(−iσ2σµ)γ˙αu1α(k3)ǫ+2ν [kν3 ǫ+1 ·ǫ+3 + ǫ+ν3 ǫ+1 ·k2 + ǫ+ν1 ǫ+3 ·k1] = 0,
and from (5.18), u1γ(k1)ǫ
+
2µγ
µ
γαu
1α(k3) ǫ
+
2ν [k
ν
3 ǫ
−
1 ·ǫ+3 + ǫ+ν3 ǫ−1 ·k2 + ǫ−ν1 ǫ+3 ·k1] = 0, etc. Am-
plitudes for the remaining combinations of spinor polarizations, including spinors for the
left instead of right-movers also occur and are similar to (5.15,17). Additional spin 1
2
fermions also appear from left-moving scalars and right-moving spinors, and visa versa.
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6. Non-abelian coupling
In this section, we discuss a set of tree amplitudes involving massless gauge boson
states coming from the Ramond-Ramond sector, which exhibit a non-abelian structure.
In the spirit of previous investigations [15], the gauge symmetry is enlarged by modifying
the choice of the worldsheet supercurrent. Although such states are forbidden by the
conventional analysis of [16], nonetheless we find their kinematic structure interesting, and
suggest one possible mechanism by which they could be incorporated into an interacting
string model satisfying space-time unitarity. This mechanism involves a non-hermitian
piece of the internal supercurrent F˜ (z). The supercurrent is given by
F (z) = aµ(z)ψ
µ(z) + F¯ (z) (6.1)
where 0 ≤ µ ≤ 3 and we choose
F¯ (z) =γ˜5 ⊗ F̂ (z) + γ˜5 ⊗ Γ˜7 ⊗ F˜ (z) (6.2)
where F̂ (z) ≡ (− i6 ) 1√ cψ
2
fabcψ
a(z)ψb(z)ψc(z) and fabc given by the totally antisymmetric
structure constants of SU(2) ⊗ SU(2) with fabcfabe = cψδce. For S(z) ≡ f ℓΣℓ(z) and
S˜(z) ≡ 1
2
e−
ipi
4 f ℓ˙Σℓ˙(z), we have
F̂ (z)S(ζ) = (z − ζ)− 32 S˜(ζ) + . . . (6.3)
F̂ (z) S˜(ζ) = (z − ζ)− 32 14S(ζ) + . . . (6.4)
where we use operator products of the form
fabcψ
a(z)ψb(z)ψc(z) Σℓ(ζ) = (z − ζ)− 32 fabc 1
2
√
2
(ΓaΓbΓc) ℓ˙ℓ Σℓ˙(ζ) + . . . . (6.5)
F˜ (z) corresponds to the remaining internal degrees of freedom with c = 6. We assume
there exists an anti-periodic supercurrent, and a pair of states in the Ramond sector of
this piece of the internal system corresponding to weight zero conformal spin fields V (z)
and U(z) such that
F˜ (z)V (ζ) = (z − ζ)− 32U(ζ) + . . .
F˜ (z)U(ζ) = (z − ζ)− 32 (− c24)V (ζ) + . . . . (6.5)
(6.5) corresponds to a non-hermitian choice for the operator F˜0, that is to say non-
hermitian with respect to a vector space of states with positive-definite inner product.
This is because in such a space, the eigenvalues of the square of a hermitian operator are
non-negative, but from (6.5) we see F˜ 20 V (0)|0〉 = − 14V (0)|0〉, i.e., a negative eigenvalue.
Note that the definition of the hermitian adjoint for any operator A, which is
(Aψa, ψb) = (ψa, A
†ψb) , (6.6a)
16
depends on the definition of the inner product
(ψa, ψb) , (6.6b)
since (6.6b) is used to evaluate (6.6a). One example of a conformal field theory where F 20
can take on negative eigenvalues is the b, c, β, γ superconformal ghost system; here F0 is not
hermitian with respect to a non-vanishing inner product, given for example by the adjoint
state defined as (c1|0〉)† = 〈0|c−1c0. (Although F0 is hermitian with respect to a vanishing
norm, given for example by the adjoint state defined as (c1|0〉)† = 〈0|c−1.) Another
example is the combined system (Tm, (b1, c1)) with N = 1 superconformal symmetry with
c = 15 of Berkovits and Vafa[17] representing the matter system of an N = 1 fermionic
string whose states physical states are in one-to-one correspondence with the states of the
bosonic string with c = 26.
We also remark that since the norm of a state F˜0|Ψ〉 is given by ||F˜0|Ψ〉|| =
〈Ψ|F˜ †0 F˜0|Ψ〉, that therefore non-hermitian F˜0 does not imply F˜0|Ψ〉 is a negative norm
state, even though 〈Ψ|F˜ 20 |Ψ〉 < 0.
The states of the Ramond sector are created by conformal fields called spin
fields[18−22]. The spin fields are nonlocal with respect to the worldsheet supercurrent
TF because they make states in the Ramond sector of the theory, whereas superconformal
fields corresponding to states in the Neveu-Schwarz sector are local with respect to TF .
In general, the operator product of a spin field with any fermionic part of a superfield is
nonlocal (i.e. double-valued) since spin fields change the boundary condition on fermion
fields between periodic and anti-periodic.
In the Ramond sector, the operator products of the spin fields with TF , have a (z−ζ)− 32
singularity; all except for the “ground states”, (i.e. those for which h = c24), which have
only a (z − ζ)− 12 singularity with TF . Since L0 and F0 commute, all excited states are in
pairs S±(z)|0〉 related by F0, only the “ground states” need not be paired. We have
|h+〉 = S+(0)|0〉
|h−〉 = S−(0)|0〉 = F0|h+〉
(h− c
24
)|h+〉 = F0|h−〉
L0|h±〉 = h|h±〉
or in terms of the fields:
F (z)S+(ζ) = (z − ζ)− 32S−(ζ)
F (z)S−(ζ) = [h− c24 ] (z − ζ)−
3
2S+(ζ) .
If h = c24 , global worldsheet supersymmetry is unbroken in the Ramond sector; where
F0 is the global supersymmetry charge satisfying the global supersymmetry algebra F
2
0 =
L0 − c24 . In this case the states need not come in pairs, i.e. only |h−〉 survives since if F0
is hermitian, then for h = c
24
we have 〈h−|h−〉 = 〈h+|F 20 |h+〉 = 〈h+|L0 − c24 |h+〉 = 0, i.e.|h−〉 is null, i.e. has zero norm.
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The operator product expansions for the pair of spin fields U(z), V (z) are chosen to
be
V (z)V (ζ) = (z − ζ)0C0(ζ) + . . .
U(z)U(ζ) = (z − ζ)0C′0(ζ) + . . .
V (z)U(ζ) = . . .+ (z − ζ)−12C− 1
2
(ζ) + . . .
U(z)V (ζ) = . . .− (z − ζ)−12C− 1
2
(ζ) + . . . (6.7)
where the subleading terms are less singular by integer powers of (z− ζ), and for example
C− 1
2
(z) is some dimension −12 operator whose coefficient may be zero apriori, and which is
understood to represent γ˜5 ⊗ Γ˜7 ⊗ C− 1
2
(z); and C0(z) has weight zero, etc. (6.7) together
with (4.2) are consistent with locality of the string vertices given in (6.1).
For Σ(1)(z) ≡ S(z)V (z) and Σ˜(1)(z) ≡ S˜(z)V (z) + S(z)U(z), BRST invariant vertex
operators for the Ramond states in the canonical q = −12 superconformal ghost picture
are given for u, v in (3.2),(3.3) by
V
(1)
− 1
2
(k, ζ) = [ u1α(k)Sα(ζ) Σ
(1)(ζ)− v1α˙(k)Sα˙(ζ) Σ˜(1)(ζ) ] eik·X(ζ) e− 12φ(ζ) , (6.8a)
and for Σ(2)(z) ≡ S˜(z)V (z) and Σ˜(2)(z) ≡ 14S(z)V (z) − S˜(z)U(z),
V
(2)
− 1
2
(k, ζ) = [ u2α˙(k)Sα˙(ζ)Σ
(2)(ζ)− v2α(k)Sα(ζ) Σ˜(2) ] eik·X(ζ) e− 12φ(ζ) . (6.8b)
We note that within the fermion scattering amplitudes, the modified fermion emission
vertex given above effectively normalizes the Ramond-Ramond bosons to 1 not k0, i.e. the
same normalization as the conventional gauge bosons found in the NS-NS sector, a required
feature when both kinds of bosons are used together to form the adjoint representation of
a bigger group. Consider the following amplitude. On the left-moving side we have
〈0|V (1)− 1
2
(k1, z1)V−1(k2, z2, ǫ2)V
(1)
− 1
2
(k3, z3)c(z1)c(z2)c(z3)|0〉
=〈0|[u1γ(k1)Sγ(z1)Σ(1)(z1)− v1γ˙(k1)Sγ˙(z1)Σ˜(1)(z1) ] eik1·X(z1) e− 12φ(z1)
·[ǫ2µψµ(z2) eik2·X(z2) ]e−φ(z2)
·[u1α(k3)Sα(z3)Σ(1)(z3)− v1α˙(k3)Sα˙(z3)Σ˜(1)(z3) ] eik3·X(z3) e− 12φ(z3)|0〉
·〈0|c(z1)c(z2)c(z3)|0〉
= −[u1γ(k1)ǫ2µγµγα˙v1α˙(k3) + v1γ˙(k1)ǫ2µγµγ˙αu1α(k3) ] 1√2
·fnf ℓ˙C−1
nℓ˙
1
2e
− ipi
4 (6.9)
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On the right-moving side we consider
〈0|V (1)− 1
2
(k1, z1)V
a
−1(k2, z2)V
(1)
− 1
2
(k3, z3)c(z1)c(z2)c(z3)|0〉
=〈0|[u1δ(k1)Sδ(z1)Σ(1)(z1)
− v1δ˙(k1)Sδ˙(z1)Σ˜(1)(z1) ] eik1·X(z1) e−
1
2
φ(z1)
·[γ˜5 ⊗ ψa(z2) eik2·X(z2) ]e−φ(z2)
·[u1β(k3)Sβ(z3)Σ(1)(z3)
− v1β˙(k3)Sβ˙(z3)Σ˜(1)(z3) ] eik3·X(z3) e−
1
2
φ(z3)|0〉
·〈0|c(z1)c(z2)c(z3)|0〉
= u1δ(k1)C
−1
δβ u
1β(k3)f
kfm(−αakm) 1√2 (6.10)
where in (6.10) we have assumed C′0 =
i
4C0. Combining the left and right-moving pieces
(6.9) and (6.10) we find up to an overall normalization constant
A3 = if
kfnC−1
nℓ˙
f ℓ˙fmαamk
1
2
·ǫ−2µ[ u1δ(k1)u1γ(k1)(−iσ2σ¯µ)γα˙v1α˙(k3)u1β(k3)(iσ2)βδ 1√2
+ u1δ(k1)v
1γ˙(k1)(−iσ2σµ)γ˙αu1α(k3)u1β(k3)(iσ2)βδ 1√2 ]
= ifkfnC−1
nℓ˙
f ℓ˙fmαamk
1
2
·tr[ (−ǫ+1ρk1σσ¯ρσσσ2)(−iσ2σ¯µ)(ǫ+3λσλσ2)(iσ2)
+ (ǫ+1ρσ¯
ρσ2)(−iσ2σµ)(−ǫ+3λk3κσ¯λσκσ2)(iσ2) ]
= ifIaJ [ ǫ
+
1 ·ǫ−2 ǫ+3 ·k1 + ǫ−2 ·ǫ+3 ǫ+1 ·k2 ] (6.11)
which is the three-gluon tree coupling for this set of polarizations, as ǫ+1 ·ǫ+3 ǫ−2 ·k3 = 0.
The structure constants fIaJ = 2 tr(M
†
IMJα
a) form the (2,2,2,2) representation[6] of
SU(2)4 and suggest that the symmetry group is enhanced to SO(8) from its symmet-
ric subgroup SU(2)4. Generalizations to other polarizations must be constructed consis-
tent with the required couplings[23]. Also, couplings to other states such as the gravi-
ton must be of the conventional form. This can involve modifying the superconformal
fields corresponding to the Neveu-Schwarz states by the internal F˜ conformal theory as
well as the above modification of the spin fields. For example, in (6.9) and (6.10) we
can replace V−1(k2, z2, ǫ2) = ǫ·ψeik·X and V a−1(k2, z2) = γ˜ ⊗ ψaeik·X by forms similar to
ǫ·ψC0 + (ǫ·a + k·ψǫ·ψ)C− 1
2
and γ˜ ⊗ ψaC0 + (k·ψψa − i2fabcψbψc)C− 12 respectively. Here
C− 1
2
and C0 form the lower and upper components of a superconformal field, and the
modified vertices remain BRST invariant. In this way, the states in the hermitian part
of the theory could be in one-to-one correspondence with the physical states in the entire
theory. These modified vertices yield expressions in (6.11) with all polarizations present.
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7. Modular invariance
To describe consistent interacting strings, one must in general check that all the
scattering amplitudes are modular invariant, finite, and unitary. A guide to this program is
the calculation of the partition function, i.e. the one-loop cosmological constant Λ, which
can be checked for modular invariance, albeit a quantity equal to zero. For closed strings,
the one-loop cosmological constant is defined by
Λ ≡ 12 tr ln∆−1 (7.1)
where
∆−1 = α′(p2 +m2) ; 12α
′m2 = α′m2L + α
′m2R (7.2)
so in D space-time dimensions, for ω = e2πiτ ,
Λ = −12 (2π)−1(α′)−
D
2
∫
F
d2τ(Imτ)−2−
1
2
(D−2)
·
∑
all sectors
tr[ω¯α
′m2Lωα
′m2Rpossible projections] . (7.3)
F is a fundamental region of the modular group: 12 ≤ Reτ ≤ 12 ; |τ | > 1. The unitary
D = 4, N = 8 superstring model considered in [13], which incorporates (4.2b) as part of
the internal field theory, has its one-loop modular invariant partition function given by
Λ = −(4πα′2)−1
∫
F
d2τ(Imτ)−3|f(ω)|−12|ω|− 12
· 1
4
[θ43 − θ44 − θ42 ][θ¯43 − θ¯44 − θ¯42]
· [ 12 (|θ3|12 + |θ4|12 + |θ2|12) |f(ω)|−12|ω|−
1
2 ] . (7.4)
For the D = 4, N = 8 model considered in sect. 6, the partition function computed for
the degrees of freedom donoted in (4.2) by aµ, ψ
µ and ψa with α′m2L = L0 − c24 , etc. is
Λ = −(4πα′2)−1
∫
F
d2τ(Imτ)−3|f(ω)|−12|ω|− 12
· 1
4
[θ43 − θ44 − θ42][θ¯43 − θ¯44 − θ¯42] . (7.5)
We see (7.5) is already modular invariant using the transformation properties under
SL(2, I) given by
τ → τ + 1 : θ3 → θ4; θ4 → θ3; θ2 → eipi4 θ2 ; Imτ → Imτ
τ → −1
τ
: θ2 → (−iτ) 12 θ4; θ4 → (−iτ) 12 θ2; θ3 → (−iτ) 12 θ3; Imτ → |τ |−2Imτ ;
ω
1
24 f(ω)→ (−iτ) 12ω 124 f(ω) (7.6)
where f(ω) =
∏
n=1(1 − ω) is related to the Dedekind eta function η(ω) = ω
1
24 f(ω),
ω = e2πiτ and θi(0|τ) are the Jacobi theta functions. We suggest that the inclusion of
the remaining internal conformal field theory will leave the modular invariance of (7.5)
unchanged in the theory postulated in sect.6.; and the physical states may be in one to
one correspondence with the states of the partition function given in (7.5). This latter
feature of adding conformal fields to the matter sector without changing the spectrum has
been discussed in a different context in [17].
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8. Conclusions
We have developed a formalism for studying four-dimensional massless spin fields, and
computed their BRST invariant tree amplitudes. In sect.’s 6 and 7, the physical states in
the q = −12 ghost picture, given by say (6.8a),
V
(1)
− 1
2
(k, 0)|0〉 (8.1)
satisfy, for F0 given in (6.2):
F0 V
(1)
− 1
2
(k, 0)|0〉 = 0 , (8.2)
which is the physical state condition in the old covariant formalism. We can either check
(8.2) explicitly, or recall that it follows from the BRST invariance of (8.1). These states
have the additional feature that
F s.t.0 V
(1)
− 1
2
(k, 0)|0〉 = −u1α(k)Sα(0)Σ˜(0)eik·X(0)|0〉 6= 0 (8.3a)
F¯0 V
(1)
− 1
2
(k, 0)|0〉 = u1α(k)Sα(0)Σ˜(0) eik·X(0)|0〉 6= 0 , (8.3b)
where F s.t.(z) ≡ aµ(z)ψµ(z), even though the sum F0 = F s.t.0 + F¯0 does annihiliate the
states as is shown in (8.2). Of course (8.3a) still describes massless states since although
k·γv = u 6= 0, we have
−m2v = k2v = k·γu = 0 , (8.4)
so that
(F s.t.0 )
2 V
(1)
− 1
2
(k, 0)|0〉 = 0 . (8.5)
Now, F0 V
(1)
− 1
2
(k, 0)|0〉 = 0 implies F 20 V (1)− 1
2
(k, 0)|0〉 = 0. Using {F s.t.0 , F¯0} = 0 and (8.5), we
find
F 20 V
(1)
− 1
2
(k, 0)|0〉 = ((F s.t.0 )2 + F¯ 20 )V (1)− 1
2
(k, 0)|0〉 = 0 , (8.6)
and thus
F¯ 20 V
(1)
− 1
2
(k, 0)|0〉 = 0 . (8.7)
So we have F¯ 20 V
(1)
− 1
2
(k, 0)|0〉 = 0, but from (8.3b) that F¯0 V (1)− 1
2
(k, 0)|0〉 6= 0. This is consis-
tent with the observation that F˜0 which forms part of F¯0 is not hermitian. (8.3b) indicates
that global worldsheet supersymmetry generated by the charge F¯0 is broken in the Ramond
sector. Consistency of the one-loop amplitudes is being investigated[23].
The mechanism we have suggested yields a string model with the gauge group derived
by enhancing the symmetric subgroup SU(2)4 to SO(8), which although providing non-
abelian Ramond-Ramond vector mesons, does not contain a realistic theory. We propose
a similar mechanism can be used to generate the gauge symmetry SU(3)⊗ SU(2)⊗ U(1)
from a symmetric subgroup such as SU(2)2 ⊗ U(1)2.
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Appendix A
SIGMA MATRICES
For the sigma matrices described in (3.1), we have the following symmetry properties
σµσ¯ν = −σν σ¯µ + 2ηµν σ¯µσν = −σ¯νσµ + 2ηµν
σµσ¯ν = ηµν − i2 ǫµνρσσρσ¯σ σ¯µσν = ηµν + i2 ǫµνρσσ¯ρσσ (A.1)
σµσ¯νσρ + σρσ¯νσµ = 2(ηµνσρ − ηµρσν + ηνρσµ)
σ¯µσν σ¯ρ + σ¯ρσν σ¯µ = 2(ηµν σ¯ρ − ηµρσ¯ν + ηνρσ¯µ) (A.2)
σµσ¯νσρ − σρσ¯νσµ = 2iǫµνρσσσ
σ¯µσν σ¯ρ − σ¯ρσν σ¯µ = −2iǫµνρσ σ¯σ (A.3)
so that
σµσ¯νσρ = ηµνσρ − ηµρσν + ηνρσµ + iǫµνρσσσ
σ¯µσν σ¯ρ = ηµν σ¯ρ − ηµρσ¯ν + ηνρσ¯µ − iǫµνρσσ¯σ (A.4)
and the trace properties trσµσ¯ν = 2ηµν ,
trσρσ¯µσλσ¯κ = 2ηρµηλκ − 2ηρληµκ + 2ηρκηµλ + 2iǫρµλκ
tr σ¯ρσµσ¯λσκ = 2ηρµηλκ − 2ηρληµκ + 2ηρκηµλ − 2iǫρµλκ , (A.5)
and
trσρσ¯σσµσ¯λσκσ¯ν = 2 [ ηρσ(ηµληκν − ηµκηλν + ηµνηλκ)
−ηρµ(ησληκν − ησκηλν + ησνηλκ)
+ηρλ(ησµηκν − ησκηµν + ησνηµκ)
−ηρκ(ησµηλν − ησληµν + ησνηµλ)
+ηρν(ησµηλκ − ησληµκ + ησκηµλ)
+i(ηρσǫµλκν − ησµǫλκνρ − ηλνǫρσµκ
− ηρµǫσλκν + ηλκǫρσµν + ηκνǫρσµλ)]
tr σ¯ρσσσ¯µσλσ¯κσν = 2 [ ηρσ(ηµληκν − ηµκηλν + ηµνηλκ)
−ηρµ(ησληκν − ησκηλν + ησνηλκ)
+ηρλ(ησµηκν − ησκηµν + ησνηµκ)
−ηρκ(ησµηλν − ησληµν + ησνηµλ)
+ηρν(ησµηλκ − ησληµκ + ησκηµλ)
−i(ηρσǫµλκν − ησµǫλκνρ − ηλνǫρσµκ
− ηρµǫσλκν + ηλκǫρσµν + ηκνǫρσµλ)] . (A.5)
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Appendix B
GAMMA MATRICES
Higher-dimensional gamma matrices occur naturally in critical superstring theory. In
(3.1) and (4.3) we have given a Weyl representation for the four and six-dimensional cases,
respectively. In this appendix, we consider in ten dimensions the Γ matrices satisfying
{ΓM ,ΓN} = 2ηMN ; ηMN = diag{−1, 1, . . . , 1}. In a Weyl representation, they have only
off-diagonal components and can be written as
Γµ =
(
0 I4
I4 0
)
⊗ γµ ; Γa+3 =
(
0 αa
−αa 0
)
⊗ I4 ; Γa+6 =
(
0 βa
βa 0
)
⊗ γ¯5 . (B.1)
Here 0 ≤M,N ≤ 9; 0 ≤ µ ≤ 3 and 1 ≤ a ≤ 3; and {γµ , γν} = 2ηµν . The six matrices αa,
βa are antisymmetric and real and satisfy the following algebra:
{αa, αb} = {βa, βb} = −2δab
[αa, βb] = 0 , [αa, αb] = −2ǫabcαc , [βa, βb] = 2ǫabcβc . (B.2)
An explicit representation of these matrices is given in terms of the Pauli matrices:
β1 =
(
0 iσ2
iσ2 0
)
, β2 =
(
0 1
−1 0
)
, β3 =
(−iσ2 0
0 iσ2
)
,
α1 =
(
0 σ1
−σ1 0
)
, α2 =
(
0 −σ3
σ3 0
)
, α3 =
(
iσ2 0
0 iσ2
)
. (B.3)
The hermitian chirality operator is Γ11 ≡ Γ0 . . .Γ9 =
(
I4 0
0 −I4
)
⊗ I4 , (Γ11)2 = 1 and
(γ¯5)2 = −1, so γ¯5 is antihermitian and is given by γ5 = iγ0γ1γ2γ3 = iγ¯5. The matrix
direct product is A⊗B ≡

 a11B a12B ...a21B a22B ...
...

; it follows that (A⊗B)(C⊗D) = AC⊗BD.
We denote the index structure of the Γ matrices as ΓµAB and tensors which raise and lower
spinor indices are the antisymmetric tensors C−1AB, C
AB, the charge conjugation matrices
for SO(9, 1). As before, χA = C−1ABχ
B, χA = CABχB, C−1ABC
BC = δCA, C
AB = −CBA,
C−1AB = −C−1BA. Then AABA = −AABA. It follows from the definition of the charge
conjugation matrix C−1AB(Γ
µ)B ECED = −(ΓµT )AD that (Γµ)DA = (Γµ)AD ; and that
ΓµAB and ΓµAB are symmetric in the spinor indices. The exact form of C depends on the
representation of the Γ matrices used. From (B.1), we have
C =
(
0 I4
I4 0
)
⊗ C4 ; C−1 =
(
0 I4
I4 0
)
⊗ C−14 (B.4)
where C4 is the charge conjugation matrix for the four-dimensional γ matrices:
C−14 (γ
µ)C4 = −(γµT ) and thus γ5∗ = C−1γ5C . We will denote 1 ≤ A ≤ 32 as
1 ≤ A, A˙ ≤ 16.
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